BRANCHED WILLMORE SPHERES 



TOBIAS LAMM AND HUY THE NGUYEN 



Abstract. In this paper we classify branched Willmore spheres with at most 
three branch points (including multiplicity), showing that they may be ob- 
tained from complete minimal surfaces in M.^ with ends of multiplicity at most 
three. This extends the classification result of Bryant. We then show that 
this may be applied to the analysis of singularities of the Willmore flow of 
non- Willmore spheres with Willmore energy VV(/) < IGtt. 



1. Introduction 

Let E be a closed immersed surface f : 'S ^ R^, then the Willmore functional is 
defined as 

(1.1) W(/) = ^|HpdM, 

where H = ^('^i + 1^2) is the (scalar) mean curvature and ^ is the induced area 
measure. The variational Euler-Lagrange operator is defined as 

(1.2) W{f) = AH + 2H{H'^ - K). 

A smooth immersion / is called a Willmore surface if it is a critical point of the 
Willmore functional and therefore a solution of the equation W{f) ~ 0. In the 
paper [5], Bryant studied smooth Willmore spheres in S'^ and showed that after 
composing with a stereographic projection such surfaces are Mobius transforms of 
complete minimal surfaces with planar ends in R^. In particular, he showed that 
Willmore spheres have quantised energy with W(/) — 47rfc, fc € N where k = 1 
corresponds to the round sphere and the values k = 2,3 are not allowed, since there 
are no minimal surfaces with planar ends corresponding to these energy bounds. 
In this paper we will extend Bryant's theorem to classify Willmore spheres in R'^ 
with singular points. Note that singular points of a Willmore surface, even if they 
are graphical, are not removable. The standard example is one half of a catenoid 
composed with an inversion. Near the origin, the surface is C^'" for all a < 1 
but it is never C^-^ (see e.g. [2]). Hence Bryant's classification does not extend 
to cover this case. However, we will be able to prove a classification of branched 
Willmore spheres. We give a precise definition of a branched Willmore immersion 
in Definition 12.41 but essentially a branched Willmore immersion is a branched 
immersion / : S — > K'^ which smoothly solves the Willmore equation away from an 
at most finite set of branch points {pi, . . . ,pi} with finite density m^, 1 < i < I. 

We will collect together these points as the divisor of the surface and denote it 
hy D ~ "^iPi- Furthermore by carefully analysing branch points of Willmore 

surfaces, using the results of |14| and |15| . we will prove the following theorem. 



The second author is supported by The Lever hulme Trust. 

1 



2 



TOBIAS LAMM AND HUY THE NGUYEN 



Theorem 1.1. Let / : §^ — > M'^ be a branched Willmore immersion with \D\ < 3, 
then f is either umbilic or the Mobius transform of a branched complete minimal 
surface. In particular, this implies that the Willmore energy is quantised as yV(/) = 
'iirk. 

In principle, we can classify all such minimal surfaces by using the Weierstrass- 
Enneper representation. However, we will content ourselves with the following 
classification result 

Theorem 1.2. Let / : §^ — > M'^ be a branched Willmore immersion with |-D| < 3 
and W(/) < IGtt. Then one of the following cases occurs (pi e S^, 1 < i < 3J; 

(1) D = and f is an isometric immersion of the round sphere with W{f) = 
An. 

(2) D = pi + p2 and f is the Mobius transform of an embedding of a catenoid 
with W(/) = Stt. 

(3) D = 3pi and f is the Mobius transform of an immersion of Enneper's 
minimal surface with W(/) ~ 12tt. 

(4) D ^ pi + m2P2 + 'm^P'ii'nii G {0, 1} and f is the Mobius transform of a 
trinoid with yV(/) = 127r. 

Note that this classification contrasts with Bryant's theorem in [5]. In the case 
of smooth Willmore immersions of the sphere in the values H'(/) = Stt, 127r are 
not allowed. 

A trinoid is a complete minimal surface of finite total curvature J-^ \A\'^ = IGtt 
which is conformal to S^\{pi,p2,P3}- These surfaces were completely described 
in [17]. The hypothesis < 3 implies that the surface admits either up to three 
multiplicity one singularities, one multiplicity two singularity and a multiplicity one 
singularity or one multiplicity three singularity. The above theorem tells us that 
neither the second possibility nor one multiplicity one singularity can occur. 

Remark 1.3. // the singularities of the surface occur with the same image point 
then the hypothesis of Theorem ] L Si is equivalent to the energy bound yV(/) < IGtt. 
This occurs for branched Willmore surfaces that appear as singularity models for the 
Willmore flow but in general is not true. For example inversions of minimal heris- 
sons, that is minimal surfaces with branch points with J K = —Air, are Willmore 
surfaces with branch points with different image points, see |24j . 

Apart from the intrinsic interest of a classification as in Theorem lLl) 11.21 Will- 
more spheres with singularities naturally appear as energy bubbles in the energy 
identity for sequences of Willmore surfaces, see e.g. [3]. 

As an application of the above theorem, we will classify singularities of the 
Willmore flow of spheres subject to an initial energy bound. 

The Willmore flow is given by 

^ = -W), /(x,0) = /o(a:), 

where /o : S — ^ is some given initial immersion. In this paper, we will consider 
the Willmore flow of non- Willmore spheres with Willmore energy yV(/o) < IOtt. 
The following theorem is a convergence result for the Willmore flow. 
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Theorem 1.4 ([TH Theorem 5.2]). Let /o : §^ — )■ M'^ be a smooth immersion with 
Willmore energy 



Then the Willmore flow with initial data /o exists smoothly for all times and con- 
verges to round sphere. 

Remark 1.5. The conclusion remains true for a smooth immersion /o : §^ ^ 
with yV(/o) < Stt hy combining the results of Kuwert and Schdtzle |14j with the 
point removability result of Riviere |22j . 

In the case of initial data with larger Willmore energy we do not expect smooth 
convergence to a round sphere since singularities do form |18] , [3] . It was shown by 
Kuwert and Schatzle [13], [M] (see also [16]) that singularities at the first singular 
time for the Willmore flow are modelled by properly immersed, complete Willmore 
surfaces with finite total curvature. More precisely they showed that if there is 
a singularity of the fiow then one can obtain by blowup, blowdown or transla- 
tion a sequence of solutions to the Willmore fiow that converges locally smoothly 
to a properly immersed, complete Willmore surface. After obtaining a complete 
Willmore surface, one can apply an inversion and then such a surface is a closed 
Willmore surface with possible branch points which are all mapped to one single 
point. The key to analysing singularities of the Willmore flow then is the classifica- 
tion result for branched Willmore spheres described in Theorem 11.21 The theorem 
for singularities of the Willmore flow that we will prove is 

Theorem 1.6. Let /g : §^ — > be a smooth immersion of a non-Willmore sphere 
with Willmore energy 



If the maximal Willmore flow / : §^ x [0, T) — ^ M'^ with initial value fo does 
not converge to a round sphere then there exist sequences rj ,tj T where rj — >■ 
oo, — > or rj — > 1 and a rescaled flow 



such that fj converges locally smoothly to either a catenoid, Enneper's minimal sur- 
face or a trinoid. In particular, i/ W(/o) < 127r then either the maximal Willmore 
flow converges to a round sphere or fj converges locally smoothly to a catenoid. 

Remark 1.7. A similar result for rotationally symmetric initial immersions sat- 
isfying W(/o) < 127r has been previously obtained by Blatt [4]. 

The paper is set out as follows. In section [2l we gather together facts and 
notations required for the remainder of the paper. In section[3l we classify branched 
Willmore surfaces with \D\ < 3. They key to this theorem is to show that a certain 
meromorphic four form which has poles on the divisor D has at worst poles of 
second order. Once this is proven, the classification theorem follows from suitable 
modifications and improvements of results of Bryant [5] and Eschenburg [9j. In 
section H] we consider the Willmore flow. We use the singularity analysis of Kuwert 
and Schatzle [16] in order to show that if the flow does not converge to a round 
sphere, then in general wc can obtain by blowup a Willmore surface with finitely 



W(/o) < 8^. 



W(/o) < 167r. 
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many singular points. We then consider the Willmore flow of spheres with Willmore 
energy yV(/o) < 167r where /o is not a Willmore sphere. From the assumption we 
conclude that the Willmore energy must drop immediately. Wc will then prove 
that our hypotheses show that the singularity of the Willmore flow is modelled by 
a branched Willmore sphere with jZ?! < 3 which allows us to apply the classification 
theorem proved above. 

2. Preliminaries 

In the following, we will require various formulae for geometric quantities under 
Mobius transforms, in particular inversions. Such formulae hold for W'^'^ conformal 
immersions, which are defined as follows. 

Definition 2.1 ([E])- Let be a Riemann surface. A map f G M") is 

called a conformal immersion if in some local coordinates {U,z), the metric gij = 
{dtf,djf) is given by 

The set of all W^'^- conformal immersions ofT, is denoted W^^„j(S], K"). 
For W^'^ conformal immersions we have the weak Liouville equation, 

[ {Du,Dip)^ [ Kgc^'^ip WipeC^iU). 
Ju Ju 

This is shown to hold in |12j . 

Definition 2.2 (Branched conformal immersion). A map f : ^ K" is called a 
branched conformal immersion (with locally square integrable second fundamental 
form) if f & W^^^^j{Y\S ) for some discrete S <Z Yi and if for each p G S there 
exists a neighbourhood ^Ip such that in local conformal co-ordinates 

I \A\^d^g < oo. 
J^p\{p} 

Moreover, we either require that fj,g{np\{p}) < oo or that p is a complete end. 

It was proved in Kuwert-Li [12] and Miiller-Sverak [19] that about each point 
in the set S we can construct local conformal coordinates. In terms of these co- 
ordinates the assumption that fig(Clp\{p}) < oo or that p is a complete end is 
equivalent to assuming that cither J^^ ^^^j e^'^'^dx < oo and we also note that the 
set of branched conformal immersions is closed under inversions. In particular, in 
the paper |20j . it is shown that a suitable inversion sends complete ends to finite 
area branch points. In the following we therefore only consider finite area branch 
points. 

Now we consider a branched conformal immersion / : E — > R'^ and since we are 
only interested in the local behaviour of the immersion we assume without loss of 
generality that S = {p}. Furthermore we assume that / : — >• i3f (0)\{0} with 
G spt/i, where 

/i := .fiPa) = (.^ ^ n'if-\x)))n\f{Y) 

is the weight measure of the integral 2-varifold associated with / (see e.g. [T4]). 

Next we choose a punctured neighbourhood of p which is conformally equiv- 
alent to ZJiyjO} where Di = {z G \z\ < 1}. Altogether this shows that / 
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is a ly^'^-conformal immersion from Di\{0} to i?i(0)\{0} with /p^^^g} |v4pd// + 
IJ,g{Di\{Q}) < oo and hence a result of Kuwert-Li [T^ (see also Lemma A. 4 in [23] ) 
shows the existence of a number ?ti G N such that 0^(/i,O) = to. Moreover / is 
smooth away from the origin. 

Finally we note that Kuwert-Schatzle [T5] showed that in the present situation 
the conformal parametrization / and the conformal factor u satisfy 

|/(z)|c^|zr and |V/(z)|^e"(^)c.|zr-\ 

for all z G _Di\{0}. Moreover, by a result of Kuwert-Li [T2] we have for all z € 
Di\{0} 

(2.1) u{z) = (m - 1) log \z\ + v{z) + h{z), 

where /i : £>i — )• R is a smooth harmonic function and w G C° n W^'^ n W^'^{Di) is 
a solution of the equation 



(2.2) -Aw = -ftTge^". 

Altogether we can apply the following result of Kuwert-Schatzle (which is a 
combination of Theorem 3.5 in [13j with Lemma 4.1 in [14] . and Theorem 1.1 in 

m)- 

Theorem 2.3. Let E be an open surface and /:!]—>■ i3|(0)\{0} C be a smooth 
Willmore immersion that satisfies for some m G N 

G spt/i, 

0) = TO and 

/ \A\'^d^l < oo. 

Then the tangent cone of ^ at Q eM? is unique and is a finite union of planes, 
and fi is given by multivalued graphs over these planes in a neighbourhood of the 
origin. Moreover, there exists a conformal parametrization of S which we again 
denote by f : Di\{0} M^\{0}, such that for all z G -Di\{0} and all e > there 
exists Ce > so that the second fundamental form and its derivatives satisfy an 
estimate of the form 

|V*^A(z)| < Celzl'-'^-'"-" V£>0. 

Moreover, in the case ni ^ 1, fi is a W'^'^ Ci C^'°' -embedded unit density surface at 
for all 1 < p < oo and all < a < 1 and for the scalar mean curvature we have 
the expansion 

(2.3) H{z) = Holog\z\+Wf;!, 
where Hq G K. 

Furthermore, locally around the origin, the immersion has the following repre- 
sentation, 

(2.4) f{z) = 3?(az") + 0(|z|'"+^) 

(2.5) difiz) - id2fiz) = maz™^i + Oi\z\"'-'^+-') 

where 7 > and a G C\{0}. 



6 



TOBIAS LAMM AND HUY THE NGUYEN 



We remark that in higher codimensions the corresponding result has recently 
been obtained by Bernard-Riviere |2]. 

We now give a precise definition of a branched Willmore surface. 

Definition 2.4 (Branched Willmore immersions and the divisor). Let Ti he a closed 
Riemann surface. We say that an immersion / : S — R"^ is a branched Willmore 
immersion if jApd/i < oo and if there exists an at most finite set of points 
S — {pi, . . . ,pi} such that f is a smooth Willmore immersion on 'E\S. As above 
we assume that S only consists of finite area branch points. 

Each branch point pk (z S has a well-defined multiplicity ruk G N. We denote 
by D = X]i=i ^kPk the divisor of the branched Willmore surface and we let \D\ = 
Sfe=i be the order of the divisor. 

Remark 2.5. By results of Huber . Miiller-Sverdk |19| and Kuwert-Li \\2\ we 
can assume that every branched Willmore immersion is conformally parametrised 
away from S. 

Next we recall a generalized Gauss-Bonnet and inversion formula for general 
surfaces with branch points and ends. 

Theorem 2.6 (^01 Theorem 4.1, 4.2 and Corollary 4.3, 4.4]). Let f : M? 

be a branched conformal immersion of a Riemann surface E. We denote by E = 
{ai,...,afc}, h G No,, the complete ends with multiplicity k{ai) + 1, \ < i < b, 
and for each p G Y\E we denote by m{p) G N the multiplicity of the point p. For 
Xq G we let f ^ Ixo ° f xq + Jl.^°\2 ■ ^\f~^{xo) and we denote by 

S = /(S\/^"'(.To)) the image surface of f . Then we have the formulas 

f ^ 
(2.6) / Kd^i=2n{xi:-Y.^Kai) + l)+ 



(2.7) [Kd'il=[Kd^i + ATi(^Y^{k{a,) + l)^ ^ m(p)), 

b 

(2.8) W(/)=W(/)+4^(^(fc(a,) + l)- '"(P)) ' 

(2.9) [\A\''dJl=^\A\''dfi + 8n(y2{Ha^) + l)- V 7n{p) 



The last two result we need in the sequel are two classification results for minimal 
surfaces. The first one is due to Osserman and gives a classification of complete 
minimal surfaces with finite total curvature equal to 87r. 

Theorem 2.7 ([U] Theorem 3.4]). Let E C R"^ &e a complete minimal surface 
with j^\A\'^ = Stt. Then E is either isometric to Enneper's minimal surface or a 
catenoid. 

The second theorem classifies complete minimal surfaces with total bounded 
curvature equal to IGtt and conformal to a sphere with three points removed. 
The map g{z) is up to a biholomorphism the Gauss map and w is a 1-form, both 
of which appear the Weierstrass-Enneper representation of the surface. 



BRANCHED WILLMORE SPHERES 



7 



Theorem 2.8 ([T71 Theorem 3]). Let S C M'^ fee a complete minimal surface 
with finite total curvature \A\'^dfj. = Wn and suppose that E is conformal to 
^^\{pi,P2,Pz\ then up to homothety and rigidity in R'^, 

E = C\{^,-^} 

, - ^z^ + cz + d 

9{z) = B 

z + a 

where 



dz 



(1) j/a 7^ -i=,--l= given ri,r2 G M, r2 7^ then 

c=0, 12a^ - {rl + Srj + 4:)a^ ~ rl = 0, a^{l-Mf = rl 



^1, j?2_ 3|3a^-lp 



(2) or 



c = 0, a=^, — ]=, d^l, 9 = 1, Be 
vS V 3 

3. WiLLMORE Spheres with Branch Points 

In this section we consider branched WiUmore immersions 
Jj, < 00 and we let Y : E\5 — >■ Q''^ be the conformal Gauss map associated 

to / (see section A. 3 for the definition). Here S = {pi, . . . ,pi}, I £ No, is the at 
most finite set of finite area branch points of /. Our goal is to show that the 4- form 
{a, 0;)^^'°^ = {Yzz,Yzz)dz^ is meromorphic with poles of order at most 2. 

In a first step we use Theorem 12.31 in order to show that the conformal Gauss 
map Y associated to a branched Willmore immersion / as above can be estimated 
close to a branch point by Kl^zzji^zz)! < C|z|~^~^ for any e > 0. Analysing the 
Laurent expansion then yields that the meromorphic 4-form {Yzz,Yzz)dz'^ has at 
worst double poles. 

Theorem 3.1. Let / : E — > M'^ be a branched Willmore immersion and let Y be the 
conformal Gauss map associated to /. Then the A-fonn (o;, a)'-^''^^ is meromorphic 
with poles of order at most 2. 

Proof. The immersion / is a smooth Willmore immersion away from the at most 
finite set S = {pi, . . . ,pi} and hence we know from the results in section A. 3 of 
the appendix that (a,a)^^'°^ is holomorphic away from S. Therefore it remains to 
study the quartic form close to the finitely many points in S. Since this is a local 
problem and using the results from section 2 we assume from now on that we only 
have one finite area branch point p with multiplicity m{p) = m G N, that there 
exists a conformal parametrization / : £'i\{0} ]R'^\{0} of E and that all the 
results from Theorem 12.31 arc applicable. 

Next we recall the formula (jA.ip from the appendix 

(3.1) (Yzz^Yzz) = Hzzip + i?W4 - Hziipe-^)ze^ =: L + LL + LLL, 
where X = 2u and ip is the Hopf differential. 
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Now we know by Theorem [Ql that for ah z G -Di\{0} =: D\ and all k G No, 
£ > we have 

Furthermore we note that 

(3.2) l^l(z) = |i|(z)e^(^) < C|zr-i-^ 
where we used (|2.ip . Hence wc can estimate for e < i 

(3.3) |/| + \II\ < C(|zrl-™-'^|zr-l--' + |2|2-2m-2e|^|2m-2-2e) < ^|^|_2-2s^ 

Therefore it remains to estimate 

/// = H,{^e-^),e^ = H.ip, + H,^\, =: Ilh + Ilh- 

We start with the term Illb. Using the facts that \A{z)\ < Clzl^"™""^ and 
g2«(z) < c'|2|2™-2 for all ze D*we conclude that 

Kge^'' G LP{Di) V 1 < p < oo. 

From (|2.2p and standard L^-theory we then get that u G W^^^{Di) for all 1 < p < 
oo. Therefore wc can improve (|2.ip to get for all z G D\ 

2 

(3.4) u(z) = (to- l)log|z| + w(z), 

where w G (^^'"(Z?!) for every < a < 1. 

In particular we conclude that for every z G D*i we have 



|VA(z)| < 



C if TO = 1 

if 77i > 2. 



Combining this with the estimates for \Hz\ and |iy9| we get 

(3.5) \IIh\ < Clzr^-^lzl-^lzl™-!--' < C|z|-2-2^ 

In order to estimate the term Ilia we need an estimate for ip^- We claim that 
for any z G D*i we have 

4 

(3.6) |^.(z)| < 

Combining this again with the estimate for \IIz\ we then conclude 

(3.7) \iiia\ < c|zr"--nz|™-"-" < c|z^2-2^ 

The estimates (|3.3p . (|3.5p and p.7p . together with the Laurent expansion, give the 
desired result for e small enough. 

In order to prove (|3.6p we use the Codazzi equation in complex form, which is 
given by 

(p^=e^Hz on D*. 

Since ip G ifoc(-^i) all 1 < p < oo and ip^ G L^^^{Di) for all 1 < < 2, the 
Codazzi equation is actually satisfied weakly on all of Di. 

For technical reasons we introduce a cut-off function rj G {Di) with < 77 < 1 , 
77 = 1 on Di and 77 = on Di\D3. Note that that we can choose t] in such a way 

that II V''77||2,°o(£i^) < c for all fc G N. Now we define tjj = a^nd we note that tjj 
satisfies 

(3.8) = ??e^i7^ + =: v. 
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Using the previous results we get the estimate 
(3.9) \v{z)\<C\zr-^-\ 

The solution of equation p.8|) is for every z e C given by 

i^{z)^C{v){z) + h{z), 
where h is some holomorphic function and 

Civ)(z) . -i / 

is the Cauchy transform of v (sec e.g. [I], Chapter 4). Since the holomorphic 
function is smooth at the origin wc assume without loss of generality that h = Q. 
Note that the operator v t-^ tp maps into W^'P for any 1 < p < oo and hence we 
conclude that ip G W^''^{Di) for aU 1 < 9 < 2. Since v G LP{C) for every 1 < p < 2 
we know that C{v) G L''{<C) for every 2 < q < 00. 

Now we calculate -tt-t — ^ = + and hence we conclude 

1 fi^n,(_±[pfi,^ 



C TTZ JcS. 

(3.10) ^i(/(2)_/(o)), 

where I{z) ~ C{v){z) and v{w) = wv{w) for aU w £ C Using (|3.2p we get that 

(3.11) \i(z)-m\<c\zMz)\<c\zr-\ 

Moreover we have that |'5(u')| < Cxdi\w\"^~^^^ G LP{C) for all 1 < p < 00 and 
hence I{z) — /(O) satisfies for all z g C 

(3.12) (/(z)-/(0))^ = «(z). 

Note that this is again a Cauchy- Riemann equation, but compared to the Codazzi 
equation, we improved the decay of the right hand side by the order of one. 
Next we differentiate p.l2[) with respect to z in order to get 

(3.13) a(/(z) - /(O)) = v,iz) = v{z) + zv^iz). 

In the following we consider two cases. 
Case 1: m > 2 

First wc note that for z G D\ we have 

2 

v{z) + zv,{z) = e^(-) (i/,(z) + zK{z)H,{z) + zH,,{z)) 

and by using the previous decay estimates we conclude for all z G D\ 

2 

|A(/(z) - /(O)) I < C|zr"-2-e ^ (^|^|(,„_l)-2+/3^ 

where 0</?=l — e<l. Moreover we estimate for < g < ^ 

/ |zr(™"i)|Af/(z)-/(0))| dz<C / \z\-^-^ dz^CeQ^. 
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The last two estimates allow us to apply Lemma 2.1 of |15j (which is an extension 
of Lemma 1.1 in [6] ) in order to get for every z e D\ 

4 

/(z)-/(0) =P(z) + 0(|zr'-^) and V/(z) = VP(z) + Odzl'"-!^'^), 

where P is harmonic polynomial of degree at most m — 1. Combining this expansion 
with (|3.1ip we get that P = and hence we have for every z e D\ 

4 

\u^)\<G\zr-^-^. 

Differentiating ()3.1Qp with respect to z we get for any z € D\ 

4 

= = I - z-\i{z) - m) + z-H,xz)\ < c\zr-^-\ 

Case 2: m = 1 

In this case we use ()2.3p in order to conclude that for z € D\ we have Hz{z) = 



Ho ^-1 



2 



Z 



,{z), where oj G W'^'P{Di) for any 1 < p < oo, and therefore 



{zv{z))^ = + ^^z{z)))^ - e^(^)(A4^)(^ + zuj^{z)) + co^{z) + zu:^^))- 

Since e and Ar are bounded, we conclude that {zv{z)) _^ S LP{Di) for all 1 < 
p < oo. Standard L^-theory applied to p.l3p and the Sobolev embedding theorem 
therefore imply that 

/ e W^^l n Cl;"{Di_ ) Vl<p<oo andVO<a<l. 

Differentiating p.lOp again with respect to z we get for any z e D\ 



□ 



i(p,(z)i = i^.(z)i = I - z-^(i{z) m) + z-'uz)\ < c\zr\ 



We note that the previous proof yields a slight improvement of Theorem 12.31 in 
the case to = 1. 

Corollary 3.2. Let / and S be as in Theorem \2.3\ with m = 1. Then for all 
< a < 1 we have the expansion 

|^|(z) = Ao|log|z|| + cL", 

where G IR+ . 

Proof. The Gauss equation yields 

In the proof of Thcorcm l3.1l for m = 1 we showed that the function / is in Cl^^{Di) 
and hence, using p.lOp and the fact that f = ijj in Di , we get 

Combining this with p.2p and p.4|) we get 

\A\eC^^:{D,J. 

Therefore the claim follows from ()2.3p . □ 
The following theorem is a modification of a result of Bryant. 
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Theorem 3.3. Let f : ^ M.^ be a branched Willmore immersion, let Y : Y,\S — > 
be its conformal Gauss map and suppose that (a, a)'-^''^'' = vanishes identically 
on S. Then f is either umbilic away from S or a Mobius transform of a complete 
branched minimal immersion f : Y\S — > R"^ U {oo}. 

Proof. In the proof of this Theorem we use several results and notations from the 
appendix. 

Let / : E — > M'^ be a branched Willmore immersion, then the conformal Gauss 
map Y : Y\S — > is a conformal harmonic map. liY ^ constant on that is 
/ is not an umbilic surface, then y is a conformal minimal immersion on some open 
dense subset E' C S where Y\Y,' is the union of the set of umbilic points and S. 
Now by hypothesis the second fundamental form of Y satisfies (a, a) = on all 
of S. Hence on the open dense set S' the induced metric has signature (+, — ) so it 
contains two null lines [Ni] and [A^2]- As mentioned in the appendix, each null line 
corresponds to a sphere congruence. In particular, one null line [A^i] corresponds 
to the Willmore immersion /:!]'—> M"^ and the other null line [N2\ corresponds to 
Bryant's conformal transform / : S' — >■ K'^. By ()A.2|) and the discussion following 
it (which is a local result and hence applies to S') the conformal transform is a 
constant line. As the surface is smooth on umbilic points away from the branch 
points, the conformal transform is a constant line on S\iS. 

Hence / e M"^ U {oo} is a point and furthermore we claim that / e /(S). 
Suppose not, then by a suitable Mobius transform, map the point / to {oo}. Now 
since every mean curvature sphere of / must touch /, this shows that each mean 
curvature sphere of / is a plane, which implies that the mean curvature sphere has 
mean curvature zero. Since any surface has the same mean curvature as its mean 
curvature sphere, it must be a minimal surface. But if / ^ then o/(E) is a 

compact branched minimal surface, which is a contradiction (see e.g. (|2.8p ). Hence 
/ S /(S). Furthermore, the argument above shows that after Mobius inversion at 
/, I j o / is a branched minimal immersion with finite total curvature. □ 

We note that branch points of / do not necessarily lie in /, hence after inversion 
there may be branch points in the interior of the minimal surface. 

To apply the above theorem, we use the Riemann-Roch theorem in order to 
compute the dimension of the space of meromorphic forms with at worst double 
poles. 

Theorem 3.4 (Ricmann-Roch for Line Bundles, [TO])- Let £, be a complex line 
bundle over a Riemann surface M of genus g. Then we have 

dim(r(M, Om - dim(r(M, ■ C'))) = ci(0 + 1 - 5 

where ci(^) is the first Chern class of ^ and k is the canonical line bundle. Let 
us write 7(Af, C'(^)) = dimr(M, 0(^)) for the dimension of holomorphic cross 
sections. Then we have : 



ci(0 < 


7(0 


= C 






ci(O = 


7(0 




f 1 

_ 




ci(0 = 25-2 


7(0 




.9 

9- 


1 ifi^K 


ci(0 >2.g-2 


7(0 


= ci(0- 


-(,9-1) 
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Let E be a branched Willniore surface with branch points pi of niuhiphcity riii. 
The next theorem shows that there are non nontrivial meroniorphic four forms with 
poles of order at worst 2 lying on _D = niiPi. 

Proposition 3.5. Let / : — > M.'^ be a branched Willmore immersion with divisor 
D, \D\ < 3 then there are no non-trivial meromorphic four forms with at worst 
double poles lying on D. 

Proof. Let D denote the divisor, then being a meromorphic four form with at worst 
double poles on D is equivalent to being a holomorphic four form on the bundle 
f = eg) 2D, where k is the anti-canonical line bundle which in particular has 
Ci{K) = 2{g~l). 

By applying the Riemann-Roch theorem to the bundle ^ = k'^ (E) 2D where 
D = X^iLi n^iZi is a divisor, then as 7(^) = ci(^) — {g — 1) we get that 

j{k^ (g) 2D) = ci{k'^ (g) 2D) - (.9 - 1) 

= 4ci(K) + ci(2i?)-(5-l) 

= 2\D\+7ig-l). 

Hence we see that as g = and that \D\ < 3 shows that 7(k'* (g) 2D) = and that 
the only such meromorphic four form is the trivial form. □ 

Furthermore we state the following fact. 

Lemma 3.6. Let / : §^ — > R'^ be a branched conformal immersion with exactly one 
finite area branch point p G S^. Then the multiplicity m{p) can not be even. 

Proof. Suppose that p g is the only finite area branch point and that m(p) 
is even. Consider the inversion at the point /(p), If{p) ° f ■ This then gives us 

a complete branched conformal immersion / : S = f{^'^\f^^{f{p))) ^ with 
ends of which exactly one is an end of odd branch order k{p) = 
m{p) — 1 and all the other ends have branch order zero. Then we may compute by 
the Gauss-Bonnet formula (|2.6|) applied to the complete surface E with finite total 
curvature 

/ Kd^,g = 2^(x(E) - (^('?) + 1)) 

^ ge/-i(/(p)) 

= 2^(2 - 2#{q e f-\f{p)),q ^p]-l~ (Hp) + 1)) 
= AttI - 2'Kk{p) 

for some I E Z. However by a theorem of White l25| such a surface must satisfy 
Jj, Kdfig = Anm for some m G Z and this is a contradiction. □ 

An application of Proposition 13.51 and Theorem 13.31 immediately gives us the 
following theorem. 

Theorem 11.11 Let f : S'^ ^ M.^ be a branched Willmore immersion with \D\ < 
3, then f is either umbilic or it is the Mobius transform of a branched complete 
minimal surface. In particular, this implies that the Willmore energy is quantised 
as W{f) =47rfc. 

Proof. We have shown that if the surface is not umbilic away from the branch 
points then it must be the Mobius transform of a complete branched minimal 
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surface. Hence we only have to consider the case of an unibilic surface away from 
the branch points. Away from the branch points the surface is then a round sphere. 

First we claim that all multiplicity one branch points p S §^ arc smooth. This 
follows from the fact that we can invert the surface at an arbitrary point f{q) ^ f{p) 
and as a result we obtain a complete, branched minimal surface. The multiplicity 
one branch point p then corresponds to an interior branch point of multiplicity one 
of the minimal surface. But these branch points are removable and after composing 
with the same inversion again this shows the claim. 

Hence we only have to consider the cases D = 2p and D = 3p for some p £ E>^. 
The case D = 2p is ruled out by Lemma 13.61 In order to rule out the case D = 3p 
we invert the surface at f{p) and as a result we obtain a flat, complete surface S 
with an end of branch order two and no interior branch points. This contradicts 
([2:6)) since 

= / Kdfig = 27r(l - 3) = -4tt. 
Jt 

As we only consider connected surfaces, the umbilic sphere is one copy of a round 
sphere. 

The fact that the Willmore energy is quantised now follows from (|2.8|) . □ 

Using the classification results for minimal surfaces mentioned in section 2 and 
the Weierstrass-Enncper representation of complete, branched minimal surfaces (see 
Appendix B), we can prove the following theorem. 

Theorem 11.21 LeA f : E>'^ ^ be a branched Willmore immersion with \D\ < 3 
and yV(/) < 167r. Then one of the following cases occurs (pi € S^ , 1 < i < 3J.' 

(1) £) = and f is an isometric immersion of the round sphere with W{f) = 
Att. 

(2) D = pi + p2 and f is the Mobius transform of an embedding of a catenoid 
with Wif) = Stt. 

(3) D = 3pi and f is the Mobius transform of an immersion of Enneper's 
minimal surface with W(/) — 127r. 

(4) D = pi + m2P2 + m^p^^mi S {0, 1} and f is the Mobius transform of a 
trinoid with W(/) — 127r. 

Proof. Theorem 13.31 and Theorem 11.11 show that / is either a round sphere or the 
Mobius inversion of a branched, complete minimal surface where the inversion point 
is the conformal transform, /. We will denote by x the set of points whose image 
is in / that is a; = f^^{f), and we let S = The image of a branch point may 

not lie in the conformal transform, hence the resulting complete minimal surface 
may have interior branch points but of course if the conformal transform contains 
a branch point then it must lie in the divisor. 
Case 1 : W(/) = Air. 

In this case we have an umbilic sphere and from (|2.8p we conclude that each 
branch point has at most multiplicity one. As we already noted in the proof of 
Theorem ll.il multiplicity one branch points are smooth. Therefore D ~%. 

Case 2 : W{f) = Stt. 

After inverting the surface at / we get from (|2.8p that x ~ 2pi or x — pi + p2- 
Moreover, inverting the surface at the image of every possible branch point, we 
conclude again from ()2.8|) that any branch point has at most multiplicity two. Note 
that D 7^ by the classification result of Bryant [5]. Moreover, arguing as in the 
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proof of Theorem II. H we get that multipHcity one branch points q ^ x correspond 
after inversion at /, to interior branch points of niuhiphcity one of a minimal 
immersion and hence they are smooth. 

(1) X = 2pi 

By the above discussion we must have D — 2pi (note that \D\ < 3) but 
this is ruled out by Lemma 13.61 

(2) X =pi +P2- 

We can then have D = pi+p2 or D = 2q for some q e §^\{pi,p2} (otherwise 
we get a contradiction to (|2.8p ). 

If D ~ pi + p2, then by applying the Gauss-Bonnet formula to f = o f, 
we conclude from (|2.6p 

/ kdfi-g = 2TT f x(s) - (^(pO + 1)) 

= -47r. 

Hence /g, jApd/ig = —2 j^Kdjig = Stt and by Theorem 12.71 this implies 
that / is the embedding of a catcnoid. 

li D = 2q then inverting the surface at /(g) gives a minimal surface by (|2.8p 
since W(/) ~ Stt. As pi,p2 then correspond to interior branch points of 
multiplicity one they arc smooth, and this yields a contradiction by Lemma 

\m 

Case 3 : W{f) = 12tt. 

In this case x has multiplicity three and any branch point has maximal multi- 
plicity three by the same arguments as in Case 2. The conformal transform then 
may have the form x = 3pi,x = 2pi + P2, x = pi + p2 + ps- As before we can not 
have branch points q ^ x oi multiplicity one. 

(1) X = 3pi 

Then D = 3pi and after inverting the surface at / and noting that the 
resulting surface has no interior branch points, we get from \2.Q\ as above 

^A-dMg = 2^(x(S)-(fc(pi) + l)) 
= -47r. 

Hence \A\'^d^g = Stt and by Theorem 12.71 If ° f is an immersion of 
Enncper's minimal surface. 

(2) x^2pi+p2 

In this case D ~ 2pi+mq for m = 0, 1 and some q E §^\{pi}. If m = 1 then 
q ~ P2, as we can not have an interior branch point q ^ x oi multiplicity 
one. Hence D ~ x and therefore the complete minimal immersion f — Ifo f 
is unbranchcd. (j2.6p then yields 

/ Kd^lg = 2^(x(S) - ik{p,) + 1) - ik{p2) + 1)) 
Jt 

= 27r(2-2-2-l) = -6tt, 

contradicting the fact that Kdfig = 47rfc, for some fc G Z, by a theorem 
of White Hg. 

The case D = 2pi (i.e. to = 0) is again ruled out by Lemma [3.61 
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(3) X = pi +P2 +P3- 

(a) D ^ 3q for some q G §^\{pi,p2,P3}- Using p.Sp it follows that after 
inverting the surface at f{q), If(q) o / is a minimal immersion with 
an end of branch order 2. Using again the fact that interior branch 
points of a minimal surface of multiplicity one are smooth, we can then 
repeat the argument of Case 2, (1), in order to show that If{q) ° f must 
be an immersion of Enneper's minimal surface. This fact is already 
sufficient for our purposes. 

Using the Weierstrass-Enneper representation (see Appendix B) we 
can actually show that this case can't occur at all. Indeed, the above 
reasoning shows that the conformal transform x consists of three inte- 
rior multiplicity one branch points, hence they must be smooth. In par- 
ticular this shows that the pi correspond to planar ends for f ~ Ij- o f 

and / has an interior branch point of multiplicity three. We then have 
that 



d{If o f) = 




where (pi are linearly independent meromorphic 1 forms which have 
poles of order 2 at each end and zero residue at each end. Furthermore, 
the 4>i have a zero of order two on D. This is equivalent to saying that 
(fii are meromorphic 1-forms where = {76 H^{Ky: ® [x] ® [—2(7]) | 
resp.(j)j = 0}. By the Riemann-Roch theorem , 

|ijO| = 6-1-2-2 = 1. 

Hence there is no such minimal surface. 

(b) D = 2qi + mq2 for m = 0, 1 and some qi e §^\{pi,p2,P3}, 92 G S^- 
Note that the case to = is ruled out by Lemma \3M If to = 1 we can 
assume 52 = Pi as there are no interior branch points of multiplicity 
one. Now inverting the surface at / gives a surface with three ends 
of branch order zero and one interior branch point of multiplicity two. 
By dm this yields 

j Kdfig = 27r(-l - 3 + 1) = -Gtt 

which, as we have seen, is impossible. 

(c) D = qi + m2q2 + m^qs for TO2,TO3 = 0, 1. As there are no interior 
branch points of multiplicity one for the surface inverted at /, the 
only possibilities are 

D =pi,D =pi+p2 or D=pi+p2+P3. 

Using ()2.6p we calculate 

/ Kdug = 27r(2 - 3 - 3) = -Stt 

and hence Jf, jApd/ig = IGtt. These surfaces are trinoids by the clas- 
sification result of Lopez, see Theorem 12.81 

□ 
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4. Analysis of the Willmore Flow 



The Willmore flow is the flow in the direction of the negative gradient of the 
Willmore functional. We will consider the flow in the smooth setting and analyse 
the singular behaviour at the first singular time by taking blowups, blowdowns or 
translations. We will see that Willmore surfaces with finite isolated singularities 
naturally model singularities of the flow. This contrasts with the mean curvature 
fiow, where the natural models of the singularities of the flow are not minimal 
surfaces but rather self-shrinkers. This difference can be attributed to the fact that 
the energy of the Willmore fiow is scale invariant and analytically behaves like the 
harmonic map heat flow from a Riemann surface. 

For geometric flows the short-time existence theory for smooth initial data is 
standard. The key fact is that although the equation is not strictly parabolic, the 
zeroes of the symbol of the differential operator are due only to the diffeomor- 
phism invariance of the equation. By breaking this diffeomorphism invariance, the 
existence theory then reduces to standard parabolic theory. 

Theorem 4.1 (|16j). Let /o : S — t- M" be a closed, smoothly immersed surface. 
Then the initial value problem 



has a unique smooth solution on a maximal interval [0, T) where < T < oo. 

Next we summarize the blow up behaviour of the Willmore flow. Details can be 
found in section 3.3 of [T5] . 

Let < T < oo be the maximal time of existence for the Willmore flow of 
a closed surface with smooth initial data /o and assume that the flow does not 
converge smoothly. Then there exist sequences tj /• T, € R"*" and ccj € R" such 
that the rescaled flows 



converge after appropriate reparametrisations locally smoothly to a smooth, non- 
trivial, properly immersed Willmore surface /o : So R"- One has to distinguish 
between three different cases: 

1) Tj \ 0. In this case /o is called a blow up. 

2) Tj — > oo. Then /o is called a blow down. 

3) Tj — > 1. In this situation /q is called a limit under translations. 

The cases 2) and 3) can only occur for T = oo. 

It was shown by Kuwert and Schatzle [T3], Lemma 4.3, that if So contains a 
compact component, then So is diffeomorphic to S. Moreover, it was proved in [7], 
that blow ups and blow downs are never compact. 

The following lemma is a slight improvement of Lemma 5.1 in [14j and it gives 
refined convergence properties of the blow up procedures. 



dtf 
f \t=a 



W{f) onSx(0,T) 



fo 
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Lemma 4.2. Let be a sequence of smooth and closed surfaces immersed in M'^ 
which satisfy 

(4.1) W(S,) < C 

(4.2) / I^E.fd/^s, < C and 

(4.3) Ej — > S smoothly in compact subsets of , 

where T, is a smooth, non-compact Willmore surface. Then for any xq ^ T, and 
the inversion I-xoi^) = \x-xo\'^ have that S U {xq} = /^^^(S) U {xq} is a closed, 
branched surface and 

(4.4) S = Ixo{T,) is a smooth Willmore surface, 

(4.5) W(S]) + 47r6|2(^,oo) = >V(S) < liminf W(Sj) and 

(4.6) .g(S) < liminfg(Ej). 

Proof. Without loss of generality, we assume that xq = and we denote / := Iq. 
Let = /(Sj). Using the convergence property (j4.3|) we see that dist(0, Ej) ^■ 
dist(0, E) > hence for j sufficiently large ^ E^. Furthermore, we have that 

Ej E smoothly in compact sets of R'^\{0}. 

Using the monotonicity formula (see e.g. Appendix A of [2]), (14.11) and (|2.8p we 
have that 

yV(E) + 47r6i2(^,cx)) = yV(E) < liminfH'(Ej) = liminf yV(Ej). 
Additionally we also conclude that 

Now as E is smooth away from and Ej converges smoothly to E away from 
we conclude for p sufficiently small and j large (depending on p) that dBp{0) 
intersects Ej in a finite number of smooth closed curves, Cij, ,i = 1, . . . ,k where 
^LlC^.J = n dBp{0). We put 

Ep = E\Bp(0), 
E,,p^+ = E,\i?p(0). 
Considering appropriate triangulations we have that 

X(E,) = x(S,,p,+) + x(S, n Bp{0)) < x(S,,p,+ ) + k, 

as x(Ej n Bp{0)) < k. By smooth convergence away from zero we have that 
Ej_p_+ — > Ep and in particular we have that U^L^Qj = Ej n dBp{0) — !• E n dBp{0) 
which shows that E n dBp{0) consists of k closed curves. As \A\'^d^^ < oo, we 
have that E is conformal to a compact Riemann surface S with I points {pi, . . . ,pi} 
removed by a result of Huber [11]. We let / : S'\{pi, . . . — E be the conformal 
parametrisation. 

In particular we get that E U {xq} — ^(E) U {0} is a closed Riemann surface. 
Note that as p — we see that Bp{0) — > and hence the boundary curves /~^(En 
dBp{0)) — > {pi, . . .pi} as p — > 0, where f := I o f. As the points have positive 
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distance from each other we conclude that there are precisely k points. Furthermore, 
by the local expansion p.4|) (note that S is Willmore away from 0), we see that 
locally about the origin, the surface consists of multivalued graphs. In particular, 
the k closed curves in the set /""'^(S n dBp{0)) bound disks and hence this gives us 

= x(Sp) + k= lim x(Sj,p,+) + A: > lim xi^j), 

J— >-oo J— foo 



and as a consequence, 



< liminf 



□ 

Now we are in a position to prove Theorem 11.61 

Theorem 11.61 Let /q : §^ — > M"^ be a smooth immersion of a non- Willmore sphere 
with Willmore energy 

W(/o) < 167r. 

// the maximal Willmore flow / : §^ x [0,T) — > R'^ with initial value /q does 
not converge to a round sphere then there exist sequences rj,tj T where rj — > 
oo, —> or rj — > 1 and a rescaled flow 



/, : E X 




such that fj converges locally smoothly to either a catenoid, Enneper's minimal sur- 
face or a trinoid. In particular, ifW^fo) < 127r then either the maximal Willmore 
flow converges to a round sphere or fj converges locally smoothly to a catenoid. 

Proof. As the initial immersion /o is not Willmore, we have that the Willmore 
energy must decrease immediately. Hence for <o > 0, we have that yV(/(to)) < 16tt. 
Therefore we assume from now on that W(/o) < IStt — 5 for some (5 > 0. Moreover 
we assume that the maximal Willmore flow does not converge to a round sphere 
after a possible translation. By the above discussion we then get a rescaled flow 
fj as claimed. More precisely, fj converges locally smoothly to a smooth, properly 
immersed Willmore surface /o : So ^ R"^- 

Next we claim that Sq is complete and non-compact. This follows again from 
the above discussion except in the case T = oo, — >■ 1 in which the limit under 
translations could have a compact component. But then Sg would be diffcomorphic 
to §^ and since H'(/o) < IBtt — i5 this implies that Sq is a round sphere contradicting 
the fact that the flow does not converge to a round sphere. 

This allows us to apply Lemma [4.21 and we conclude that there exists xq ^ Sq 
such that T, U {xq} = Ixq (Sq) U {xq} is a branched Willmore sphere with Willmore 
energy strictly less than Wtt. Combining Theorem 11.21 and Remark 11.31 then shows 

that the divisor of / = Ixq o /o is equal to the conformal transform / = mxo with 
m S {1, 2, 3} and therefore So must be either a catenoid, Enneper's minimal surface 
or a trinoid. □ 

Note that there exists smooth Willmore spheres with energy IGtt. These were 
classified by Bryant [5] and correspond to the Mobius transforms of complete min- 
imal surfaces with four planar ends. 
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Appendix A. The conformal Gauss map 

Here we review some results about the conformal Gauss map which are needed in 
section 3. All the results are based on the paper of Bryant [5], notes of Eschenburg 
[9] and a recent paper of DaU'Acqua [8]. 

A.l. Conformal Geometry of Spheres. For an immersion / : S R'^ with 
normal : E — > §^ we define the central sphere Sf{p) at p € S by 



Sfip) 



{xeM.^: {x- fip), v{p)) = 0} if H{p) = 0, 



where m{p) = f{p) + -^J^(p) and r{p) = jj^. 

Next we consider the set Mq of unoriented spheres in M'^ with centre xq and 
radius r > and wc denote by : U {oo} ^ U {oo} the inversion at the 
sphere 9B^((0,1)), where = (0,0,0) C M^. For each S = dBr{xa)) we define 
the map : Mo -> R''\Bi(0), 

F{S) = center of the sphere 0({p € : \p — xo\ = r}). 

A standard calculation shows that 

F{dBr{xo)) - , ,„ \ ^{2x0, \xof 

|a;or + 1 - 

and hence this map is not well-defined for = 1 + |xop since in this case the set 
(j>{{p £ K'' : \p — xo\ = r} is a plane. 

Let us now consider = R^'^ with the Lorentzian product 

4 

(A,y) =^A,y,-A5F5■ 
^=l 

We also denote by Q** = G R^ : (g, q) = 1} the quadric in R^. 
We calculate 

{{FidBrixo)),l)AFidBrixo)),l)) ^'^^ 



(|xo|2 -r2 + l)2- 

This shows that we can normalize and extend the map F in order to get a new map 

PiS) = i(xo, l{\xo\' -r'- 1), i(|xoP -r^ + 1)) , 

where S = dBr{x^) and M is the set of oriented spheres with centre xq C R"^ and 
radius r G R\{0}. The sphere is oriented by the inner (resp. outer) normal iff r > 
(resp. r < 0). 
Note that 

Pa(5)-P45) = i I 
^ ^ ^ ' r I <0 for r<0. 

Hence spheres in R'^ are represented by points in Q'^. We can also represent points 
a; e R3 by 



X 



YnnrPidBrix)) ^ (x, - 1), + 1)) . 
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Note that the map x — > X is an isonictry onto 

Ln {Xg = 1}. 

where L = {X \ {X, X) = 0} is the light cone in . 

An equivalent expression for P can be gives as follows. Wc let S* C M be a 
sphere (oriented by v) with mean curvature H{x) with respect to v{x) for x € S. 
Then we have S = dBr{xo) with xq ~ x + ^ly, r ^ ^ and we calculate 

PiS) = [hx + z., ^{\x\' - 1) + {x, + 1) + {x, ^)) . 

For i7 — > wc obtain a plane S through the point x with normal v and we can 
extend the map P to include this case by 

P{S) = {ly, {x,i^),{x,iy)). 

With a slight abuse of notation we denote the induced map M RP^ also by 

PiS) = [.TO, i(|xop -r^- 1), i(|xoP -r' + 1)]. 

This map can again be extended to M U M"^ by using that for 5* being a plane 
through X with normal ly we have 

A. 2. Sphere Congruence. A sphere congruence is a smooth mapping 5 : E ^ M 
where S is some 2-dimensional manifold. Using the conformal geometry of spheres 
developed above, such a mapping can be represented by a smooth mapping Y : 
^^Q^, where 

F(m) = PiSr,m.). 

where Sr.m is a sphere of radius r which touches the point m e S. A smooth map 
/ : S M'' is called an enveloping surface of the sphere congruence 5 : E M if 

(1) /(m) e Sim) for all m € E and 

(2) dfmiTm^) C Tf{^rn)Sim) Vm e E. 

Passing to the mapping X : E ^ L, Xim) = (/(m), i(|/(m)|2-l), i(|/(m)|2 + l)j , 
the conditions (1) and (2) translate to 

(A:(TO),y(m)) (dX(m),r(TO)) VmeE,veT„E. 

So we may characterize the enveloping surface A" of a sphere congruence Y by 

(A:,r)==o, {x,dY)^Q 

where we used d{X, Y) = 0. Hence X is a null vector in TY(m)Q'^ which is normal to 
Y . Note by (AT, dY) = wc mean the vector in the same direction as X at the point 
y, i.e. Xy = Y + X, {XY,dY) ~ 0. This characterises a smooth enveloping surface, 
however, it requires no regularity of the sphere congruence X itself. Furthermore 
this shows that for a space-like surface E in the normal bundle has signature 
(+, — ) and that each null vector field corresponds to a sphere congruence. 
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A. 3. Conformal Gauss map. For an immersion / : S — > M^^ with unit normal 
: S — > §^ and mean curvature H we define the conformal Gauss map by K : E — > 
Q^, Y{m) ^ P{Sf{m)). We have 

Y = HX + N, 

where X = (/, - 1), i(|/|2 + i)) and N = {y, (/, v), (/, v)). 

The map Y satisfies 

(v,r, Vj-y) = - /V )(v J, Vj/) 

and hence it is a conformal map (away from umbilic points) with respect to the 
conformal structure on E induced by the immersion / : E — >■ M'^ and the Willmore 
functional is the area of Y 

Wif) = Arca(y). 

In particular, / is a Willmore immersion if y is a minimal surface (in Q). The 
converse is true, however there is some subtlety. Namely Y is an immersion into a 
Lorentzian manifold so some deformations maybe timelike, but deformations that 
come from the deforming Willmore surface must be spacelike. 

Let E be a surface, possibly non-compact and let / : E — > be an immersion. 
Then / is a Willmore immersion if and only if W(/, E') is stationary for any rela- 
tively compact open subset E' C E. i.e. any smooth variation /* of / with /* = / 
outside of E'. In this case we have that 



W(/*,E') -0. 

The following are equivalent 

(1) / is a Willmore immersion 

(2) y is a conformal harmonic map . 

Next we recall the standard equations for an immersion using complex co- 
ordinates z for the conformal structure defined by the induced metric g of the 
immersion / : E — > R'^ with unit normal : E — S^. We have the local expression 
g = e^\dz\'^. Moreover the second fundamental form A = —{dv^df) can be written 

as 

A = ^{ipdz^ + He^dzdz}, 

where (p = 2{fzz, v) is the Hopf differential. 
Now let A be any symmetric m -form on E. 

A = ^ kj]^dz^d:z^. 

j+k—ra 

This decomposition is invariant under change of holomorphic charts and we have 
that 

A^''^' = Ajkdz^dz'' 

is the (j, k) part of the A. 

Associated with the conformal Gauss map is a holomorphic quartic differential. 

Proposition A.l. Let y : E — > CZM.^ be a conformal minimal immersion, then 

{a,a)^^-"^ ^{Yzz,Yzz)dz\ 
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where a : TE (g) TE — )- NY is the second fundamental form with components aij = 
Moreover we have that (a,a)^'^'^'^ is holomorphic. 

Using the local complex coordinates from above one can derive an expression for 
the quartic form. 

Lemma A. 2. In local complex co-ordinates we have the following expression for 
the quartic form (a, a)*-^'*'-', 

(A.l) (i;.,n.> = fH,, - H,i^e-^),e^ + 

Since NY is a 2 dimensional bundle we can choose a frame {iVi, A^2} so that 
{N^,N2) =l,(A^i,iVi) = (iV2,iV2) =0. 
A standard calculation shows that 

(i^..,iVik= (A^i^,A^2>(n.,A^i), 

(n.,A^2>r- (A^2^,A^i>(n.,A^2) = -{Ni-..N2){Y,,,N^) and 
= (y..,iVi)(>;.,iV2>. 

As the first two equations are Cauchy-Riemann type equations, this implies that 
the functions (Yzz^Ni) have isolated zeroes or vanish everywhere. 

A similar result is true for (Yzz,Yzz)- More precisely we have that if (Y^z, Yzz) — 
then 

(A.2) Njz - fNj 

for some function / and either j = 1 or j = 2. 

This shows that the mapping Ni i-> [Ni] e CP^ is anti-holomorphic. Note that in 
the case where NY has a metric of signature (+, — ) we can choose A^i, A''2 to be real 
vectors. Hence if [Ni] is holomorphic, then from the Cauchy-Riemann equations we 
get that [Ni] is a constant. 



Appendix B. Weierstrass-Enneper representation of complete, 

branched minimal surfaces 

The results of this appendix are straightforward consequences of the correspond- 
ing statements in [5]. 

By the Weierstrass-Enneper representation, it is well known that the classifica- 
tion of the branched complete minimal surfaces of finite total curvature may be 
reduced to an algebraic problem. In particular, we know that (as before D is the 
divisor) 



d{IfOf) = 




where (f>i are meromorphic one forms on E. Our geometric data translates into 
homomorphic data as follows 

(1) If o / is an immersion <==> the (pi have no common zeroes. 



BRANCHED WILLMORE SPHERES 
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(2) I j: o / lias a branch point of order k the have a common zero 
of order k -4=^ </> are holomorphic sections of the bundle (E) [—D'] 
where is the canonical bundle of S with the given complex structure 
and D' = Ep6_d(™(p) " 

(3) If o / is conformal <=> (t>\ + 4>2 + 4>1 ^ 0. 

(4) The ends of 1^ o f are embedded <^=> the (pi have poles of at worst second 
order on D (pi are holomorphic sections of Ky, ® [2_D] where is 
the canonical bundle of S with the given complex structure 

(5) Then ends of 1^ o f have branch order k{a) at a E D the have 
poles of at worst order k{a) + I at a € D the (f>i are holomorphic 
sections of Km ® [Di] where Di = X]aen(^('^) + -'^)"- 

(6) The ends of Ij: o f are planar the (f) are differentials of the second 
kind that is Res™ = for all ends and m £ D 

(7) If o / is single valued on S* ^ for ah 7 G iJ"(S], Z), 5R(Per^ 0,) = 0. 
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